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Resonant scattering at the atomic absorbates in graphene was investigated recently in relation
with the transport and gap opening problems. Attaching an impurity atom to graphene is believed
to lead to the creation of unusual zero energy localized electron states. This paper aims to describe
the behavior of the localized impurity-induced levels in graphene in a quantizing magnetic field. It
is shown that in the magnetic field the impurity level effectively hybridizes with one of the n=0
Landau level states and splits into two opposite-energy states. The new hybridized state is doubly
occupied, forming a spin-singlet and reducing the polarization of a Quantum Hall ferromagnet
in undoped graphene. Taking into account the electron-electron interaction changes radically the
spectrum of the electrons surrounding the impurity, which should be seen experimentally. While
existing publications investigate graphene uniformly covered by adatoms, here we address a possibly
even more experimentally relevant case of the clusterized impurity distribution. The limit of a dense
bunch of the impurity atoms is considered, and it is shown, how such a bunch changes the spectrum
and spin polarization of a large dense electron droplet surrounding it. The droplet is encircled by
an edge state carrying a persistent current.
PACS numbers: 73.22.Pr, 73.43.-f, 81.05.ue
I. INTRODUCTION
First theoretical works following the discovery of
graphene almost a decade ago [1, 2] were concentrated
on the relativistic character of its electronic spectrum. It
was however quickly realized that this two-dimensional
material can offer a plethora of interesting effects, go-
ing far beyond the quasirelativistic behavior of the bulk
electrons [3]. One class of such effects comes from the
investigation of the graphene edges, where for example
in the case of zigzag edge one finds a band of dispersion-
less zero energy edge states. Remarkably, as was shown
already in the early work [4], even the shortest possible
edge in graphene, which is the closed edge of the hole
created by removing a single carbon atom, is sufficient to
create a single localized zero energy electron state with
the algebraic wave function ψ ∼ 1/(x+iy). The existence
of such localized low energy states with a power law co-
ordinate dependance of the density is an indication of the
resonant scattering at the Dirac point in graphene.
A number of theoretical papers have addressed the
properties of graphene with resonant impurities [5–
19]. Experimentally a way to create the strong atom-
size small impurities is by chemical functionalization
of graphene by impurity adatoms (see e.g. Refs. [20–
23]). Mobility inherent for adatoms allowed to put
forward theoretical proposals, suggesting the impurities
sublattice-ordering caused by their Casimir-like interac-
tion [5–10]. This ordering would lead to the controllable
opening of the gap in the electron’s spectrum, highly
desired for the graphene electronics. Resonance at the
Dirac point in this case is necessary in order to make the
Casimir interaction sufficiently long-ranged.
The choice of the theoretical model describing the im-
purity requires a special attention. Adding a large poten-
tial at a certain carbon atom, a scheme assumed by most
of the authors, does not work [18], since this requires
the use of unrealistically large impurity potential (hun-
dreds eV-s!). A more realistic model, which is adopted in
the current paper, was suggested in Refs. [12, 13], where
the adatom is treated not as a potential scatterer, but
as a quantum level tunnel-coupled to one of the carbon
sites. The tunnelling amplitude between the adatom and
carbon atom is of order ∼ 1eV, but the energy of the
electron’s level at the impurity turns out to be very close
to the Dirac point, thus leading to the resonance scat-
tering in undoped graphene. Density functional theory
analysis [12–14] indicates that this situation may indeed
be realized for several kinds of impurity atoms.
In this paper we consider graphene functionalized by
the impurity atoms in a strong perpendicular magnetic
field with the special emphasis on the investigation of in-
teraction between electrons surrounding the impurities,
a combination of problems never touched in the existing
literature. Several interesting and potentially experimen-
tally relevant results for both the electron spectrum and
the spin density caused by the joint effect of the impurity
and magnetic field will be presented.
A peculiar feature of graphene in a magnetic field is the
existence of zero-energy Landau levels with fully isospin
(sublattice) polarized electron states [24]. Thus in the
presence of impurity one needs to analyze the coexistence
of two kinds of zero-energy states, localized due to the
impurity and due to the quantum cyclotron motion.
We use the model of Ref. [12] to describe the impurity
atoms and assume that the energy of the impurity level
2is small compared to the Landau levels splitting, which
means a particle-hole symmetric limit. Both single- and
many-impurities problems, with and without electron-
electron interaction will be considered.
The paper starts with the investigation of the zero en-
ergy state induced by a single impurity in the magnetic
field in case of non-interacting electrons. Remarkably in
this case we found a simple analytical solution for the
wave function and energy. The solution is approximate,
with the small parameter being the inverted large log-
arithm (of the Larmor radius divided by the graphene
lattice spacing), but it is sufficient to describe the wave
functions and the occupation of the eigenstates. The
important properties of the result are: First, the new
resonant states are indeed impurity-induced states in the
graphene layer and not the states localized on the impu-
rity. The probability to find the electron in this state in
graphene plane increases in the vicinity of the impurity,
but the probability to stay exactly on the impurity atom
is parametrically small. Second, both the n = 0 Landau
level states and the impurity states without magnetic
field have exactly zero energies. That was the reason
to expect both kinds of states in undoped graphene to
be half occupied and spin-polarized [25–27]. Now, when
both the impurity and the magnetic field are present, the
impurity induced states acquire a finite energy and their
number is doubled, since the non-zero energy states may
only appear in pairs in the particle-hole symmetric limit.
Doubling the number of levels becomes possible because
the impurity level in the magnetic field gets hybridized
with the n = 0 Landau level electron state most coupled
to the impurity. The negative energy impurity induced
level is doubly occupied, thus reducing the total polariza-
tion of the Quantum Hall ferromagnetic state of graphene
in a magnetic field.
A realistic description of the spin-polarization effects
in quantum Hall regime is impossible without taking into
account interaction between electrons. That is why, after
solving the noninteracting problem we proceed with the
calculation of the spectrum, taking into account the ex-
change electronic interaction in the Hartree-Fock approx-
imation. As expected, adding the exchange interaction
increases the Zeeman splitting of the n = 0 Landau level
in graphene by 1 − 2 orders of magnitude. What is new
and interesting, we found that for the states surround-
ing the impurity the splitting of up- and down-spin states
depends on the angular momentum number,m. The elec-
tron with m = 1, which is not directly connected to the
impurity gets the smallest interaction induced Zeeman
splitting and thus the smallest excitation energy.
In this paper we treat the electron-electron interaction
in the Hartree-Fock approximation in the Hilbert space
restricted to the n = 0 Landau level. Strictly speaking,
this approach accounts fully for the electron’s interac-
tion only in the first order. This is justified because the
electron-electron interaction in graphene effectively is not
very strong (and even may be further suppressed by cov-
ering the sample by the material with large dielectric
constant [28–31]). Moreover, all the interaction related
predictions of this paper are of qualitative nature and
should remain intact after taking into account higher or-
der corrections in case of moderately strong interaction.
In addition to the single impurity we consider the
group of several (many) impurity atoms attached to the
graphene sheet in a strong magnetic field. Existing publi-
cations investigate multiple impurities distributed with a
uniform density over the graphene sample, leaving aside
the potentially experimentally relevant case of bunched
impurities. To fill this gap we consider several adatoms
forming a dense bunch, such that the distance between
any two adatoms is small compared to the Larmor ra-
dius (but still large compared to the lattice spacing).
The Casimir interaction between impurities [5] favors the
configurations with the impurities coupled to the same
sublattice of graphene (Kekule ordering). Consequently
we investigate the bunch of impurities coupled all to the
same sublattice of graphene. The main result in this
case is that a dense bunch of many impurities/adatoms
changes the electronic structure within a large area of a
graphene flake around it. As was written above, an im-
purity in the magnetic field creates a couple of localized
states by hybridizing the singular ∼ 1/(x + iy) state of
Ref. [4] with the n = 0 Landau level state mostly con-
nected to the impurity. In the case of many impurities,
each of them tends to create such a couple of hybridized
levels, for which it needs the n = 0 Landau level state.
Thus many n = 0 states with the angular momentum
m ≥ 0 become hybridized, leading to the formation of a
spin-unpolarized circular droplet of electrons residing on
one of the graphene sublattices around the bunch of im-
purities. The energies of electrons, forming the droplet,
although nonzero, unlike the energies of other n = 0 elec-
trons, decrease fast with the increasing angular momen-
tum. Namely, increasing m by one leads to a decrease of
the energy by a small factor ∼ 〈rab〉/l, where 〈rab〉 is the
typical distance between impurity atoms in the bunch
and l is the Larmor radius.
Taking into account the exchange electron-electron in-
teraction changes the properties of the unpolarized elec-
tron droplet surrounding the bunch of impurities in two
important ways. First, the energies of electrons forming
the droplet now become all of the same order of mag-
nitude, ∼ e2/l. (The energies of electrons with larger
angular momentum m are still smaller. But the small-
ness is due to a pure numerical factor in the energy εm.)
The second feature is that after the exchange interaction
is taken into account, electrons surrounding the droplet
start to feel the existence of electrons inside the droplet.
More precisely, as we will show, the electrons from the
n = 0 Landau level staying outside the droplet interact
via the exchange interaction with each other, but not
with the electrons from the droplet. Thus the circum-
ference of the droplet serves as an edge for the outside
electrons, leading to a circular edge current.
Resonant impurities in graphene in a magnetic field
were considered recently in Ref. [19]. However, this pa-
3per is concentrated on transport properties and does not
investigate the electronic spectrum and spin structure.
What is more important, authors of Ref. [19] do not con-
sider electrons interaction in graphene.
The paper is organized as follows. In Sec. II we intro-
duce the Hamiltonian for graphene and the attached im-
purity atom and solve the single-impurity problem in the
magnetic field for non-interacting electrons. To do this
we first present the solution for Landau level states in
graphene in the polar gauge. The important supplemen-
tary information for Sec. II is included in Appendix A.
In Sec. III we consider the single impurity problem with
the electron-electron interaction taken into account. The
main part of the section is devoted to the explanation of
the structure of exchange interaction in the case of the
particle-hole symmetric Dirac equation in graphene and
to the discussion of how differently the states with zero
and non-zero energy experience the exchange interaction
in this case. Details of calculations for this section are
given explicitly in Appendix B. In Sec. IV we consider
the problem of many close (closer than the Larmor ra-
dius) impurity atoms. The subsection IVA deals with
the exchange Coulomb interaction in case of a bunch of
impurities. Calculational details for Sec. IV are given in
the Appendices C and D. Section V presents the conclu-
sions.
II. SINGLE IMPURITY
A graphene plane with an impurity atom chemically
bonded to it is described by the Hamiltonian
H = t
∑
〈i,j〉
(a†i bj + b
†
jai) + U(a
†
0d+ d
†a0) + εdd
†d, (1)
where operators a†j , b
†
j create an electron on the j-th site
of the triangular sublattices A and B of the honeycomb
lattice of graphene, and d† creates an electron at the im-
purity atom attached to the carbon atom of the sublattice
A with j = 0. Electrons hop from a site of one sublattice
to the nearest sites of another sublattice with the matrix
element t ≈ 2.7eV . Hopping matrix element between the
impurity and the carbon atom nearest to it has the same
order of magnitude, U ∼ t. Crucial for us is the predic-
tion of Refs. [12, 13] that the energy of the electron at
the impurity may be anomalously small, εd ≪ t, U , for
several popular choices of the impurity atom. Only in the
case of the impurity level being very close to the Dirac
point, the model Eq. (1) leads to resonant scattering of
low energy electrons, which is a necessary ingredient for
Refs. [5–19]. That is why in this paper we will always
assume a negligibly small impurity level energy, εd = 0.
Single-particle eigenstates of the Hamiltonian Eq. (1)
are created by the operator
Φˆ† = fdd† +
∑
n
fnΨˆ
†
n , Ψˆ
†
n =
∑
j
(unja
†
j + vnjb
†
j). (2)
Here, fd is a probability amplitude to find the electron
on the impurity atom and fn are the probability ampli-
tudes to find the electron in the n-th eigenstate of the
pure graphene Hamiltonian. These eigenstates are deter-
mined by two complex amplitudes unj and vnj describing
the electron residing on one of the graphene sublattices,
A orB, in the unit cell j. As usual, the same unit cell am-
plitudes unj and vnj are combined into a (pseudo)spinor
Ψn(rj). The low energy behavior of the wave-function Ψn
is captured by two spinor envelope functions ψn and ψ
′
n
Ψn(rj) =
(
unj
vnj
)
= eiKrjψn(rj) + e
iK′rjψ′n(rj), (3)
where vectors K and K′ = −K are directed to two in-
equivalent corners of the Brillouin zone.
In order to proceed with solving the impurity problem
in Eqs. (1,2) one first needs to find the eigenfunctions
of the clean graphene Hamiltonian in a magnetic field.
The latter may be added into the Hamiltonian Eq. (1)
by introducing the coordinate dependent hopping matrix
elements tij with properly chosen phases. We however
will be interested only in the low energy limit, when the
two envelope functions ψ, ψ′ become the eigenfunctions of
two decoupled massless Dirac Hamiltonians [3] with the
magnetic field entering via the covariant derivative p →
p− (e/c)A. In the polar gauge, A = (By/2, −Bx/2, 0)
the two Dirac Hamiltonians for K and K ′ valleys become
H = iεB(τ−Q− τ+Q+) , H′ = iεB(τ−Q+ − τ+Q). (4)
Here τ± = (τx ± iτy)/2 and τx,y are the Pauli matrices
in the pseudospin space, and εB = h¯vF /l, where l =√
h¯c/eB is the Larmor radius. The Fermi velocity in
graphene is determined by the hopping matrix element
t in Eq. (1) and the carbon-carbon distance d, h¯vF =
3dt/2. The creation and annihilation operators Q+ and
Q, in terms of the dimensionless complex coordinate z =
(x+ iy)/l have the form
Q+ =
1√
2
(
−2 ∂
∂z∗
+
z
2
)
, Q =
1√
2
(
2
∂
∂z
+
z∗
2
)
. (5)
They satisfy the “oscillator” commutation relations
[Q,Q+] = 1. To find the eigenfunctions of H and H′
we introduce a set of (normalized) functions, n,m > 0,
φn,m−n =
(−Q+)nz∗me−zz∗/4√
2pin!2mm!
. (6)
Here, the second index is responsible for the angular be-
havior, φn,k ∼ (z∗/|z|)k, and may be both positive and
negative. The two sets of eigenfunctions are now for
n > 0 (the n = 0 case should be considered separately)
ψ±n,k =
(
1√
2
φn,k
∓i√
2
φn−1,k+1
)
, ψ′±n,k =
(
1√
2
φn−1,k+1
∓i√
2
φn,k
)
.
(7)
4The corresponding energies ε±n and ε′±n coincide and
depend only on the Landau level number n
ε±n = ε′±n = ±
√
nεB. (8)
For each value of n only two of the solutions Eq. (7),
ψ±n,0(z = 0) = ψ′±n,−1(z = 0) = (1/
√
2pi, 0), have
nonzero upper component at the origin and can be cou-
pled to the impurity attached to the carbon atom A with
rj = 0.
The most interesting for us will be the zero energy
states from the n = 0 Landau level. In undoped graphene
one spin component of this level is fully occupied by elec-
trons and the other spin component remains empty, lead-
ing to a strongly spin-polarized state often called a Quan-
tum Hall ferromagnet. Wave functions for the n = 0
Landau level have also a very special form, with elec-
trons from the K valley residing solely on the sublattice
A and electrons from the K′ valley on the sublattice B.
Corresponding envelope functions are
ψ0,m =
(
φ0,m
0
)
, ψ′0,m =
(
0
φ0,m
)
. (9)
Only one state from the n = 0 level, ψ0,0, has a nonvan-
ishing upper component at r = 0 and can be coupled to
the impurity. All the other zeroth Landau level states are
decoupled from the carbon site connected to the impu-
rity and thus remains the exact zero energy eigenstates
of the full Hamiltonian Eq. (1).
Similarly, for each of the other Landau levels, n 6= 0,
one may choose a basis with only one state having non-
vanishing probability amplitude at the impurity. This
single coupled state has to be a superposition of solu-
tions belonging to different valleys, Eq. (4), each being
non-zero at the carbon atom coupled to the impurity.
Explicitly the subset of eigenmodes of the graphene hop-
ping Hamiltonian in the magnetic field coupled to the
impurity is, for n 6= 0,
Ψn =
eiKr
2
(
φ|n|,0
n
i|n|φ|n|−1,1
)
+
eiK
′
r
2
(
φ|n|−1,0
n
i|n|φ|n|,−1
)
.(10)
This set is completed by adding the n = 0 solution
Ψ0 = e
iKrψ0,0 (9). (Another combination of two spinor
functions from Eq. (10) with opposite relative sign van-
ishes at the carbon site coupled to the impurity atom.)
All wave functions Ψn Eq. (10) are equally coupled to
the impurity, Ψn(0) = (1/
√
2pi, 0). Thus the problem of
describing the effect of resonant impurity in graphene re-
duces to solving the problem with a single impurity-level
equally coupled to a discrete ladder of special graphene
states in magnetic field. The sum over n in Eq. (2) now
includes only the ladder states Ψn. The energy and the
complex amplitudes fn, fd satisfy the equations
(ε− εn)fn = Vdfd , (ε− εd)fd = Vd
∑
n
fn . (11)
Here Vd = 3
3
4Ud/(2pi
1
2 l). When deriving Vd one should
remember that the Hamiltonian Eq. (1) acts in the lattice
-40
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FIG. 1: Finding graphically the energy from the first equa-
tion (12). (Energy in units of εB and Vd = 1.) Straight
solid line with small positive slope show the left hand side
of the equation. Other solid lines show the right hand side
of Eq. (12), having a pole at ε = 0 and other poles at each
ε = ±√nεB. Each crossing of two solid lines corresponds to
an energy level. Impurity induced localized states ΨS± corre-
spond to two crossings closest to the zero energy. In addition
there are two crossings far to the right and far to the left
from the energy segment shown in the figure (well outside the
energy band of graphene). These crossings correspond to the
bonding and anti-bonding states of the impurity atom and a
single carbon atom closest to it. They are responsible for the
creation of the true chemical bond between the two atoms.
Thick dashed line with a single pole at ε = 0 shows the ap-
proximate form of the energy equation (12) r.h.s. described
in the Appendix A.
space, while the ladder states Eq. (10) are the normalized
functions of the continuous coordinates. Eqs. (11) may
be rewritten as an algebraic equation for the energy and
expression for all amplitudes fn through a single “impu-
rity” amplitude fd,
ε− εd =
∑
n
V 2d
ε− εn , fn =
Vd
ε− εn fd . (12)
The probability to find the electron on the impurity is
found from the normalization condition, yielding
f2d =
1
1 + V 2d
∑
1/(ε− εn)2 . (13)
A graphical solution of the energy equation Eq. (12) is
shown in figure 1. Energy levels are the energies at which
the straight solid line representing the left hand side of
the equation crosses the multiple solid lines showing the
sum of hyperbolae 1/(ε− εn) in the right hand side. The
impurity-induced states correspond to the two crossings
most close to zero energy.
Details of the explicit analytical solution of Eqs. (12)
are given in the Appendix A. Here we show only the
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FIG. 2: Radial dependance of the electron density at two
sublattices, ρA and ρB , for the impurity induced state ΨS−
(14). The density is doubled due to two spin components and
normalized such that a single occupied Landau level has ρ =
1. For drawing we choose L = ln(l/d) = 5. The thick dashed
line shows the density ρn=0 of the n = 0 Landau level from
sublattice A, valley K, with one spin orientation and having
angular momenta m = 1, 2, 3, · · · (the states not affected by
the impurity). Thin dashed lines show, how this density is
build by adding one by one electrons with m = 1, m = 2,
etc.. Together ρA and ρn=0 give a constant charge density
of a fully occupied Landau level. However, these constant
density electrons have a very nontrivial exchange interaction,
discussed in Sec. III. The singular increase of density in state
ΨS at sublattice B, ρB ∼ 1/r2, is fully compensated by the
decrease of density in Landau levels with n > 0, as follows
from the particle-hole symmetry.
results for the in-plane wave function, ΨS =
∑
fnΨn,
and energy of the singular impurity-induced state.
ΨS± =


eiKr
e−zz
∗/4
2
√
pi
±iIm[e
iKr
z
]
e−zz
∗/4
√
2piL

 , εS± = ±εB2√L . (14)
The analytical solution is found in the large logarithm
limit, L = ln(l/d) ≫ 1, i.e. in case of Larmor radius l
very much exceeding the carbon-carbon distance d. How-
ever, the resulting approximate wave function allows to
extract many qualitative features of the exact solution.
As it should be for the eigenfunctions of the particle-hole
symmetric Hamiltonian Eq. (1) for vanishing εd, there
are two solutions, ΨS± , with opposite signs of energy.
Electron in the state described by Eq. (14) can hop to
the impurity attached at r = 0 to the carbon atom from
the sublattice A. However, the probability to find an
electron on the impurity, found via Eq. (13) is small,
f2d =
√
3pit2/(4U2L) ≪ 1, and most of the time the
electron spends in the graphene plane (remember that
U ∼ t). The electronic density corresponding to Eq. (14)
is shown in Fig. 2.
The wave functions ΨS± Eq. (14) have a clear physical
interpretation. The two states ΨS± may be thought of as
equal weight superpositions of two simple states, which
contribute to their upper and lower components, respec-
tively. First is the n = 0 Landau state ψ0,0 Eq. (9), hav-
ing only one nonvanishing component (upper). The lower
component of Eq. (14) comes from the zero energy local-
ized state found in Ref. [4] with the large distance cutoff
at the Larmor radius, r ∼ l. Note that the lower compo-
nent of ΨS± contain similar contributions from both the
K and K ′ valleys.
The energies of the states ΨS± in Eq. (14) are also
small compared to the Landau level splitting εB, but
only as an inverse square root of the large logarithm. A
chemical potential in undoped graphene coincides with
the Dirac point. This suggests that both spin compo-
nents of the level εS− are occupied and form a spin sin-
glet, thus preserving the particle-hole symmetry and elec-
trical neutrality of the system, graphene plus impurity.
Taking into account spin of the electron leads also to a
small Zeeman splitting of all energy levels introduced in
this section. Without the impurity, the simplest choice of
occupation of Landau levels in graphene is to fully occupy
both K andK ′ valley components of the n = 0 level with
spin down while keeping empty their spin up counter-
part. This Quantum Hall ferromagnetic state minimizes
the Zeeman energy of half occupied n = 0 Landau level
in neutral undoped graphene. Thus according to Eq. (14)
each adatom tends to lower the polarization of the Quan-
tum Hall ferromagnet by one electron spin i.e. by 1/2.
As will be shown in the following section, this scheme of
occupying the n = 0 Landau level remains intact after
taking into account electron-electron interactions.
III. SINGLE IMPURITY WITH INTERACTION
A bare Zeeman splitting for electrons in graphene is
linear in magnetic field, EZ = gµBB. The splitting of
Landau levels, εB ∝
√
B, scales as the square root of the
magnetic field and formally grows much slower with the
increasing field than Ez. However, for any realistic values
of the magnetic field, the Zeeman splitting is negligibly
small compared to the inter-level distance. E.g., for the
magnetic field 10T, εB/EZ ≈ 70 [32], while the typical
interaction energy e2/l ∼ (e2/h¯vF )εB ∼ εB. Thus sim-
ilarly to what happens in the conventional semiconduc-
tor heterostructures, the spin physics in magnetic field in
graphene is dominated by the electronic interaction. The
strong renormalization of the Zeeman splitting is seen al-
ready in the Hartree-Fock approximation and is due to
the exchange interaction. Direct interaction, i.e. Hartree,
is trivial even in the presence of the impurity atom, since
we are working in the particle-hole symmetric limit (see
Fig. 2 and discussion in the caption).
We begin this section with showing that due to the
particle-hole symmetry of the Dirac equation, the ex-
change interaction acts very differently on the electrons
from the n = 0 and n 6= 0 Landau levels in graphene. To
6I
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FIG. 3: Diagrammatic presentation of the exchange energy.
Wavy line shows the Coulomb interaction e2/|r−r′|. Summa-
tion over the complete set of states in the first term in r.h.s.
gives unity, or δ-function.
calculate the exchange energy of the electron in a state Ψ,
εexch = −
∫
Ψ†(r)
e2
|r− r′|ρ(r, r
′)Ψ(r′)drdr′, (15)
one needs to find the projection operator onto the occu-
pied states
ρ(r, r′) =
∑
n
νnΨn(r)Ψ
†
n(r
′), (16)
where νn is the occupation number for the state n, taking
values 0 or 1 (we consider only the zero temperature limit
in this paper). In case of undoped graphene with εF = 0
it is convenient to split the summation in Eq. (16) into
a sum over the complete set of all states and a difference
of two sums over occupied and empty states, leading to
ρ(r, r′) =
I
2
+
∑
i
2νi − 1
2
Ψi(r)Ψ
†
i (r
′). (17)
The unity operator I ∼ δ(r− r′) here causes the uniform
shift of all on-site energies in the Hamiltonian Eq. (1)
(see Fig. 3) and may be ignored.
Since the signs of two sublattice components of the
graphene Hamiltonian eigenfunctions may always be cho-
sen as uε = u−ε and vε = −v−ε, the non-zero energy
contribution to the r.h.s. of Eq. (17) takes the form
∑
εi 6=0
2νi − 1
2
ΨiΨ
†
i =
∑
εi<0
(
0 , uiv
∗
i
viu
∗
i , 0
)
. (18)
On the other hand, the zero energy eigenfunctions Eq. (9)
of the clean graphene Hamiltonian reside solely on one
sublattice and their contribution to the projection oper-
ator can only be a diagonal matrix
∑
εi=0
2νi − 1
2
ΨiΨ
†
i =
∑
εi=0
2νi − 1
2
(
uiu
∗
i , 0
0 , viv
∗
i
)
. (19)
For each state i here only one component ui or vi differs
from zero (9). Now one easily sees that electrons with
ε = 0 interact via exchange only with other ε = 0 elec-
trons. On the contrary, electrons with ε 6= 0 interact via
exchange with the states with any energy.
Eqs. (9),(19) allow to reproduce the known result [33,
34] for the exchange dominated Zeeman splitting of the
n = 0 Landau level (see Appendix B)
εn=0 = ±
(
e2
2l
√
pi
2
+ EZ
)
. (20)
This exchange renormalized Zeeman energy is of the or-
der of the Landau levels interval, εB, since in graphene
e2/(h¯vF ) ∼ 1. The two signs of εn=0 correspond to two
spin-projections on the magnetic field axis. We keep the
small EZ in Eq. (20) to compare with Eq. (21) below.
Due to their nonzero energy, the exchange interaction
for the impurity induced localized states ΨS± , Eq. (14),
is calculated completely differently, even though they
contain a one half admixture of the n = 0 Landau
level state ψ0,0, Eq. (9). In the large logarithm limit,
L = ln(l/d)≫ 1, after the subtraction of the uniform en-
ergy shift due to the unity operator in Eq. (17), the im-
purity states ΨS± interact via exchange only with them-
selves via the nondiagonal density operator Eq. (18). The
energies of two lowest (occupied) of these levels are
εS− = −
εB
2
√
L
− e
2
2l
√
pi
2
± EZ . (21)
The first term here is the noninteracting energy Eq. (14),
which is suppressed by the inverse square root of the
large logarithm. The largest second term is the ex-
change energy, which occasionally turns out to be the
same as the exchange energy for the n = 0 Landau levels
without impurity, Eq. (20). For undoped graphene both
spin/Zeeman components of the level Eq. (21) are occu-
pied, thus forming a singlet and reducing the total spin
of the quantum-Hall-ferromagnet state.
The Zeeman splitting of the n = 0 Landau level en-
hanced by the exchange interaction, Eq. (20), does not
depend on the angular momentum quantum number m.
This is very natural, since our special choice of the vector
potential, which made m a good quantum number, intro-
duces only a spurious breaking of the translational invari-
ance in physically homogeneous systems. Adding the im-
purity atom breaks the translational invariance and the
electron energy may now depend on angular momentum.
This however does not happen in the non-interacting case
of the previous section, where only the electrons with
m = 0 were affected by the point impurity. The actual
dependence on the angular momentum appears only after
taking into account the exchange interaction.
The mechanism leading to the m-dependance of the
energy levels is also interesting and relies on the differ-
ence between zero and non-zero energy eigenstates of the
particle-hole symmetric Dirac equation discussed above.
As we have shown, electrons from the n = 0 Landau level
interact only with themselves via the exchange interac-
tion. For example, any n = 0 electron from the K ′ valley
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FIG. 4: Energies (schematic) of the n = 0 Landau level states
around the impurity with and without electrons interaction.
Small rhombuses: Show the energy levels for the nonin-
teracting problem, filled red rhombuses for filled and empty
blue rhombuses for empty states. For each m > 0 there are
two valley degenerate states (K and K′), each with two spin-
components, split due to the small Zeeman energy ±EZ. For
m = 0 there are total of six low energy states. A pair of lev-
els: spin split n = 0, m = 0, K′-valley level behaves exactly
the same way as its m 6= 0 companions. In addition there
is a pair of spin-split low energy levels ΨS± , εS± , Eq. (14).
Both spin-components of εS− are occupied, forming a singlet.
Big circles: Show the energy levels for interacting electrons.
Again filled red circles show occupied states and empty blue
circles show unoccupied states. States from the K′ valley are
not affected by the impurity independent on the value of m.
Their energies are given by Eq. (20), which is shown by two
dashed lines. Occasionally, the exchange interaction causes
the same shift of the εS± levels, as it did for n = 0 Lan-
dau level states in the absence of impurity. These states are
shown by the two lowest red circles and by the two highest
empty blue circles at m = 0. The most interesting are the
states with small, but finite values of the angular momentum
number m from the K valley. Due to their reduced exchange
interaction these states fall inside the gap between the usual
spin up and down n = 0 Landau levels shown in Eq. (20).
(ψ′0,m in Eq. (9)) interacts with the fully occupied n = 0
level for the electron with spin down, or with the com-
pletely empty n = 0 level for the electron with spin up.
This leads to the energy Eq. (20). Note that after the
subtraction of the constant energy shift due to a contact
term in Eq. (17), there is a nontrivial interaction with
both occupied and empty states.
On the other hand, the electron with spin down from
the K-valley and with m 6= 0 does not see the exchange
attraction from the same level with m = 0, which was
taken to build the finite energy states ΨS± Eq. (14). Thus
the missing level pushes up the energies of levels around
it. This effect is strongest for the closest to the adatom
electron with m = 1, which become the easiest electron
to excite. The upward shift of the levels become smaller
with increasing angular momentum. Similarly, for the
empty subband of the n = 0 Landau level from the K-
valley and with spin up, the absence of the level withm =
0 in the sum for the projection operator Eq. (19) lowers
the energies of the states with m = 1, 2, · · · . Explicit
calculation of the energy levels with m ≥ 1, leading to
ε0,m = ±e
2
√
pi
2
√
2l
(
1−
√
2(2m)!
8m(m!)2
)
, (22)
is given in the Appendix B. Energies of electron states at
and around the impurity are depicted on the figure 4.
IV. BUNCH OF IMPURITIES
In this section we consider a bunch of many closely
spaced impurity atoms coupled all to the carbon atoms
from the same sublattice A. The choice of fully
sublattice-polarized bunch is motivated by Refs. [5–10],
where it was shown that the Casimir interaction between
impurities, caused by electrons in graphene, favors the
sublattice ordering.
By closely spaced impurities we mean close compared
to the Larmor radius l, but not as close as the carbon-
carbon distance on the hexagonal lattice, d. Instead of
Eq. (11) we now write
(ε− εn)fn =
∑
a
Vnafa , (ε− εa)fa =
∑
n
Vanfn. (23)
Here fa are the probability amplitudes to find the elec-
tron on the impurity a and fn is the amplitude to find
the electron in state n in graphene plane (compare to
Eq. (2)). The impurity onsite energies, εa, are assumed
to be negligibly small.
In case of one impurity we were able to choose a single
state Ψn (10) from each Landau level, coupled to the im-
purity by a uniform matrix element Vd (11). For several
impurities summation over n in Eq. (23) includes both
summation over the Landau levels and over the many
individual states at each Landau level. Matrix elements
Van = V
∗
na are now proportional to the value of the upper
component of the particular electron’s wave function at
the carbon site coupled to the individual impurity.
Let N ≫ 1 be the number of the impurity atoms.
First equation (23) expresses an infinite number of in-
plane states amplitudes fn through the N impurity am-
plitudes fa
fn =
1
ε− εn
∑
a
Vnafa. (24)
The energy ε and impurity amplitudes fa should then be
found from the set of N linear equations
(ε− εa)fa =
∑
b
Gabfb , Gab =
∑
n
VanVnb
ε− εn . (25)
Equations (23) and (25) are exact. Explicit compact for-
mula for the matrix Gab at low energies ε is found in
8Eq. (C4) of Appendix C. The energies of impurity in-
duced states are then estimated as (each energy comes in
a plus and minus pair)
ε
(1)
S =
εB
2
√
L
, ε
(2)
S ∼ εB
〈|rab|〉
l
, ε
(3)
S ∼ εB
〈r2ab〉
l2
, · · · .
(26)
Here L = ln(〈|rab|〉/l) ≫ 1, 〈|rab|〉 is a typical distance
between adatoms in a bunch, 〈r2ab〉 is a typical squared
distance between adatoms and so on. As we see, only one
eigenvalue, ε
(1)
S , remains (almost) the same as it was in
case of a single impurity Eq. (14). Each next energy is by
a factor 〈|rab|〉/l ≪ 1 smaller than the previous one. The
reason for such hierarchy of energy eigenvalues will be
clear after considering the corresponding wave functions.
Eqs. (12) and (24) show that the electron wave function
in graphene plane in case of multiple impurities is a su-
perposition of N single impurity solutions ΨS, Eq. (14).
Since the impurities are very close, the resulting sum
of the wave functions may differ strongly (and is differ-
ent due to the severe cancellations) from any individ-
ual contribution. Among N wave functions described by
Eq. (25) only one having the largest energy looks close
to the single impurity solution Eq. (14) (See Appendix,
Eq. (C13)). Wave functions of other impurity induced
states, having smaller energies ε(2), ε(3), etc. in Eq. (26),
far away from the small bunch of impurities have the
form
Ψ
(m)
S =


eiKr
φ0,m√
2
±eiα e
iK′r
z∗
e−zz
∗/4
2
√
piL

 . (27)
Here α is some unknown unimportant constant. Details
of calculation of Ψ
(m)
S are given in the Appendix C.
The accuracy of the wave function Eq. (27) is much
better than the accuracy of the individual energies
Eq. (26). The energies ε
(m)
S are known only by the order
of magnitude. The overall normalization of the compo-
nents of Eq. (27) is found with ∼ 1/ log accuracy, but
the accuracy of e.g. the upper component itself is much
better, being determined by the small ratio of the size of
the bunch and the Larmor radius.
The lower components of the wave functions Ψ
(m)
S
Eq. (27) are similar for any m. As was already men-
tioned, Eq. (27) appears as a result of strong cancel-
lations between the single-impurity solutions generated
by very close impurities. This cancellation suppresses
the upper component of Ψ
(m)
S , but also a part of the
lower component oscillating in unison with the upper one,
∝ eiKr. The part of the lower component behaving like
eiK
′
r/z∗ survives and is shown in Eq. (27).
More interesting is the upper component of the impu-
rity induced state Ψ
(m)
S . As was discussed in Section II,
effectively the impurity state ΨS (14) is a superposition
of the n = 0 Landau level state ψ0,0 (9) and the ∼ 1/z
localized state of Ref. [4]. Each of them has only one
S=0
2N LB
m
S=0
ε
FIG. 5: Right: A large droplet of reduced spin polarization
surrounding a bunch of impurities. Left: Schematic angu-
lar momentum dependance of the energy of impurity induced
states (red circles) and the energy of the n = 0 sublattice
A electron states surrounding the droplet (blue rhombuses).
Due to their nonuniform exchange energy, these latter states
carry an edge current around the droplet.
non-vanishing component, up or down. Consequently,
the upper component of the N -impurities solution Ψ
(m)
S
represents a superposition of N such zeroth Landau level
solutions, each centered at individual impurity. How-
ever, these spatially slightly offset eigenfunctions of the
graphene Hamiltonian in the magnetic field are very sim-
ilar. As is shown in the Appendix C, the upper compo-
nents of the true solutions of the many impurities prob-
lem Eq. (25) became the orthogonalized combinations of
the n = 0 Landau level states generated by the indi-
vidual impurities and these new orthogonal states have
an (almost) well defined value of the angular momentum
quantum number m. It is not surprising that the states
Ψ
(m)
S (27) with large m have small energies Eq. (26),
since their coupled to the impurity atom upper compo-
nent vanishes at small distances as φ0,m ∼ z∗m.
Electrons described by Eq. (27) have a probability 1/2
to be found in the n = 0 Landau level state in the K
valley. To preserve the electro-neutrality of undoped
graphene each such n = 0 state should be on average oc-
cupied by a one electron, which is achieved if both spin
components of the negative energy states Ψ
(m)
S (27) are
occupied. Thus we expect the electrons from the K val-
ley n = 0 Landau level surrounding bunch of impurities
to form a large (radius R =
√
2Nl) unpolarized droplet
inside the spin-polarized Quantum Hall ferromagnet, as
is shown in Fig. 5. The n = 0 Landau level electrons
from the K ′ valley remains fully spin-polarized.
A. Many impurities with interaction
As was shown in section III, energies of electrons sur-
rounding the single impurity atom are strongly modified
by the electron-electron interaction. The same is true
in case of multiple impurities. The simple calculation
sketched in appendix D gives the energies of impurity-
9induced states Eq. (27)
ε
(m)
S = ±
(2m)!
(m!)222m
√
pi
2
e2
2l
. (28)
Unlike the noninteracting result Eq. (26), all energies
Eq. (28) are of the same formal order of magnitude,
∼ e2/l. The decrease of ε(m)S with increasing m is now
due to a pure numerical factor. Although the electronic
interaction renormalizes strongly the energy eigenvalues,
wave functions Eq. (27) are intact and determine the dy-
namics of electrons surrounding the bunch of adatoms.
The particle hole symmetry ensures that the occupied
electron states Ψ
(m)
S (27) with 0 ≤ m < N and the Lan-
dau level states ψ0,m (9) with m ≥ N create a constant
charge density around the bunch of adatoms. This means
that the direct electrons interaction is trivial. However,
as follows from Eqs. (15,18,19), the states Ψ
(m)
S and ψ0,m
do not interact via the exchange interaction. Conse-
quently, the electrons with m > N see the weaker ex-
change interaction, since they are missing the interaction
with the electrons from inside the circle, r < l
√
2N . En-
ergies of these states, occupied or empty, may be written
as
ε0,m>N = ∓e
2
2l
√
pi
2
g(m−N) , (29)
where the function g(x) increases smoothly from g(0) =
1/2 to g(x ≫ √N) = 1. Explicit form of g(x) could not
be found in a compact form, but some steps towards its
evaluation are given in appendix D.
The electron density for each state ψ0,m has a form
of the narrow ring with the radius Rm = l
√
2m. The
m-dependance of the energies ε0,m>N (29) of these ring
states means that there is an edge state carrying a per-
sistent current around the spinless electron droplet.
V. CONCLUSIONS
The aim of this paper was to investigate the effect of
resonant adatom impurities on the spectrum and elec-
tronic wave functions in graphene in quantizing mag-
netic field. Despite the broad interest in properties of
graphene with resonant impurities [5–19], almost nobody
up to now (except for Ref. [19] in our list) have consid-
ered their role in the Quantum Hall regime. This gap
needed to be closed simply because of the experiments in
magnetic field are much easier in graphene than in other
two-dimensional materials [1, 2]. Luckily we also found
several interesting effects, especially related to the elec-
trons interaction, which may potentially be observed in
functionalized graphene in this regime.
The resonance condition requires the impurity atom
having an electron level with the energy very close to the
Dirac point in graphene and the belief in the existence of
such impurities is based on the theoretical calculations
of Refs. [12–14]. Experimental confirmation of these pre-
dictions, or even a direct search for the materials having
the proper resonant levels is thus highly desired. Conse-
quently, the direct measurement of the spectrum of elec-
trons surrounding the impurity, Eq. (22), may serve as a
proof of the resonance. The apparatus necessary for such
experiments was already developed in Ref. [35], where the
redistribution of the Landau levels occupation around the
charged impurity was measured with the scanning tun-
nelling microscope.
One may also consider the same model with the impu-
rity energy εd shifted away from the neutrality point.
The symmetry between the positive and negative en-
ergy solutions of the Dirac equation will then be bro-
ken, leading to the in-plane charge redistribution and
broken charge neutrality. The induced charges however,
will create the electrostatic potential pushing the impu-
rity level back to the Dirac point. Investigation of such
self-consistent stabilization of the model Eq. (1) with zero
εd is an interesting problem for a future investigation.
In this paper we were able to successfully describe not
only graphene with a single impurity, but also made a
considerable progress in solving the problem with many
impurities forming a small bunch. Such a strongly inho-
mogeneous distribution of atomic impurities, which was
never considered theoretically, is the (likely) possible out-
come of experimental functionalization of graphene. Ac-
cording to our prediction, the bunch of impurities cre-
ates a large droplet of reduced spin inside a Quantum
Hall ferromagnet, encircled by a current carrying edge
state. Similarly to the electron states induced by the
single impurity, such droplets should be measurable by
the scanning tunnelling microscope. In addition, due to
its large size, even a single such droplet may affect the
transport in graphene mesoscopic devices.
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Appendix A: Solving the Dirac equation with a
single impurity
In this Appendix we present the solution of Eq. (12)
for the energy of the impurity induced localized state in
magnetic field. We will then find the explicit shape of the
localized state in the coordinate representation Eq. (14).
Impurity induced localized states, which are the so-
lutions of Eq. (12) most close to the Dirac point, have
|ε| ≪ εB. Therefore it is convenient to consider sepa-
rately the n = 0 and n 6= 0 contributions to the sum in
the right hand side of Eq. (12). For n 6= 0 the contribu-
tions with n > 0 and n < 0 almost cancel each other. It
is enough to consider the result of this cancellation in the
linear in ε approximation. With the energies εn found in
Eq. (8) one has
ε− εd = V
2
d
ε
−
nmax∑
n=1
2εV 2d
ε2n − ε2
≈ V
2
d
ε
− εV
2
d
ε2B
nmax∑
n=1
2
n
. (A1)
The sum over n here diverges only logarithmically and
in the large logarithm approximation it is enough to get
only a rough estimate of the upper cutoff, nmax. Assum-
ing that the solutions of the continuous Dirac equation,
Eq. (8), may be used only for energies small compared to
the bandwidth (∼ t) gives √nmaxεB ≈ t, or
nmax ≈ (l/d)2. (A2)
The carbon-to-impurity coupling and the carbon-carbon
hoping matrix element are expected to be of the same
order of magnitude, U ∼ t. This means that in the large
logarithm approximation the left hand side of Eq. (A1)
should be neglected and the energies of two impurity in-
duced levels become
εS± = ±
εB
2
√
L
, (A3)
where L = ln(l/d) ≫ 1. In the leading approximation
the two energies εS± do not depend on the strength of
the coupling to the impurity, U .
11
The normalization condition Eq. (13) gives the proba-
bility for the electron to stay at the impurity atom
f2d± ≈
√
3pi
4
t2
U2L
. (A4)
Since U/t ∼ 1, the probability to find electron at the
adatom is small like the inverse of a large logarithm.
Now one may found explicitly the impurity induced
state wave function Eq. (14)
ΨS± =
∑
fnΨn , (A5)
using the Landau level states Ψn coupled to the impu-
rity, Eq. (10), and the amplitudes fn = Vdfd/(ε − εn),
Eq. (12). In the leading approximation the energy ε in
the denominator in fn ∼ 1/(ε− εn) may be neglected for
all n 6= 0. After that the contribution to the upper com-
ponent of ΨS± from the Landau level states with n 6= 0
vanishes, leading to
ΨS± ∼
eiKr
εS±
(
φ0,0
0
)
(A6)
+
nmax∑
n=1
i
εB
√
n
(
0
eiKrφn−1,1 + eiK
′
rφn,−1
)
.
This formula should be compared with the final result
for the wave function, Eq. (14). At first sight it seems
surprising: How the lower component of the impurity
state Eq. (14) may be singular at small distances, if it
is built from the functions φn−1,1 and φn,−1, which all
vanish at z → 0? To understand this let us consider the
small distance behavior of these functions
φn−1,1 ≈
√
n
4pi
z∗
(
1− n|z|
2
2
+ · · ·
)
, (A7)
and
φn,−1 ≈ −
√
n
4pi
z
(
1− n|z|
2
2
+ · · ·
)
. (A8)
For large n even near the origin both φn−1,1 and φn,−1 are
oscillating functions of |z|. We keep the second term of
the expansion at small |z| in Eqs. (A7,A8) to show, that
the period of this oscillations scales like ∆|z| ∼ 1/√n.
Thus the short distance behavior, for example, of a first
sum in Eq. (A6) is
∑
n
1√
n
φn−1,1 ∼ z∗
∫ 1/|z|2
0
dn ∼ 1
z
. (A9)
This simple estimate does not yet allow to find an overall
numerical factor at the 1/z∗(1/z) term. This factor may
be found from the condition of orthogonality of ΨS+ and
ΨS− , leading to Eq. (14).
More complicated is finding the enveloping function
e−|z|
2/4 of the lower component of ΨS± in Eq. (14).
Derivation of this long distance behavior is given below.
1. Large distance asymptotics of the singular state
First, let us write the spinor wave function Eq. (A6)
in a form ΨS = e
iKrψ + eiK
′
rψ′, where the two smooth
spinor functions have a form
ψ =
(
u(r)
ie−iφv(r)
)
, ψ′ =
(
u˜(r)
ieiφv˜(r)
)
, (A10)
and we introduced the polar coordinates, x = r cosφ, y =
r sinφ. The four functions u, v, u˜, v˜ satisfy two systems
of equations
ε√
2εB
v =
du
dr
+
1
2
ru ,
ε√
2εB
u = −dv
dr
− v
r
+
1
2
rv, (A11)
and
ε√
2εB
v˜ = −du˜
dr
+
1
2
ru˜ ,
ε√
2εB
u˜ =
dv˜
dr
+
v˜
r
+
1
2
rv˜. (A12)
Since the energy, ε ≪ εB, is small, one may solve these
equations iteratively: First find the solution for ε = 0
and then look for the corrections ∼ ε, ∼ ε2, etc.
For ε = 0 Eqs. (A11,A12) become a set of decoupled
first order differential equations, leading to four indepen-
dent (in general non-normalizible) solutions
1. u = e−r
2/4, v = u˜ = v˜ = 0, (A13)
2. v =
1
r
er
2/4, u = u˜ = v˜ = 0,
3. u˜ = er
2/4, v = u = v˜ = 0,
4. v˜ =
1
r
e−r
2/4, v = u = u˜ = 0.
Using only the zero energy solutions which are regular at
large distances, 1. and 4., we find three of the functions
introduced in Eq. (A10)
u = e−ρ
2/4 , u˜ = 0 , v˜ =
c
ρ
e−ρ
2/4, (A14)
where the coefficient c is found from Eq. (14).
To find the last function, v, we take finite energy ε and
substitute u Eq. (A14) into the second equation (A11),
v =
εlB
h¯vF
1
ρ
eρ
2/4
∫ ∞
ρ
xe−x
2/2dx =
εlB
h¯vF
e−ρ
2/4
ρ
. (A15)
Appendix B: Calculating the exchange energy
This section describes the derivation of the exchange
interaction matrix elements presented in the main text.
Using Eqs. (9) and (19) the exchange energy of the
electron with the orbital quantum number M is written
in the form
εM = ∓
∞∑
m=0
∫
e2
2|r− r′|φ
∗
0,M (r)φ0,m(r) (B1)
×φ∗0,m(r′)φ0,M (r′)drdr′.
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The energy is negative for occupied states and positive
for empty ones. Summation over m in Eq. (B1) gives
the projection operator onto the occupied n = 0 Landau
Level, which may be found exactly
ρ(r, r′) =
∞∑
m=0
φ0,m(r)φ
∗
0,m(r
′)
=
∞∑
m=0
(z∗z′/2)m
2pim!
e−|z|
2/4−|z′|2/4
=
1
2pi
exp
{
−|z|
2 + |z′|2 − 2z∗z′
4
}
=
1
2pi
exp
{
−|z − z
′|2
4
+
z∗z′ − zz′∗
4
}
. (B2)
Note that the second term in the argument of the expo-
nent in the last line here is pure imaginary (a phase). The
energies are found from the generating function I(α),
εM = ∓ 1
M !
(
∂
∂α
)M
I(α)
∣∣∣∣∣
α=0
, (B3)
where
I(α) =
∫
e2
2l|z − z′|
d2zd2z′
4pi2
× exp
{
−|z|
2 + |z′|2 − z∗z′ − αzz′∗
2
}
. (B4)
Introducing new variables u = z−z′, v = z+z′ one finds
I(α) =
e2
√
pi
2
√
2(1− α)l , (B5)
leading to Eq. (20).
Exchange dominated Zeeman splitting of the singular
impurity level Eq. (14) is calculated with the help of the
density operator Eq. (18). The exchange energy in this
case is dominated by the interaction of the impurity level
with itself,
εS = ∓2
∫
e2
|r− r′| |ΨS1(r)|
2|ΨS2(r′)|2drdr′. (B6)
Here ΨS1 and ΨS2 are the upper and lower components of
the spinor function ΨS Eq. (14). The energy Eq. (B6) for-
mally coincides with the Coulomb interaction energy of
two charge densities |ΨS1(r)|2 and |ΨS2(r′)|2. The calcu-
lation of the energy is greatly simplified after one notices
that the density |ΨS2(r′)|2 is mostly concentrated at dis-
tances small compared to the Larmor radius, r ≪ l, and
the total charge in each component of the wavefunction
is 1/2. Thus for ln(l/d)≫ 1
εS = ∓
∫
e2
r
|ΨS1(r)|2dr = ∓
e2
2l
√
pi
2
. (B7)
The exchange dominated splitting of n = 0 Landau
level, Eq. (20), does not depend on the angular quantum
number M , as is it should be for the translationally in-
variant system. The M -dependance appears in the case
of impurity adatom considered in this paper. As was dis-
cussed in the main text of the paper, the electron states
withM 6= 0 from the n = 0 Landau level effectively know
about the impurity because of missing the exchange in-
teraction with the n = 0,m = 0 electron. Corresponding
correction to the energy is given by the same formula
Eq. (B1), where one leaves only the m = 0 term in the
sum, i.e.
∆εM = ± 1
M !
(
∂
∂α
)M
J(α)
∣∣∣∣∣
α=0
,
J(α) =
∫
e2
2l|z − z′|
d2zd2z′
4pi2
(B8)
× exp
{
−|z|
2 + |z′|2 − αzz′∗
2
}
=
e2
4l
√
2pi
2− α.
This leads to Eq. (22).
Appendix C: Solving the Dirac equation with
several impurities
In order to find the energies of impurity induced states
from Eq. (25) one needs to know the matrix Gab, describ-
ing the electron’s hoping between the impurity sites. In
case of an atom placed at the origin, za = (xa+ iya)/l =
0, and for the vector potential in a polar gauge, A =
(By/2,−Bx/2, 0), the matrix element Gaa was already
found in Eq. (A1)
Gaa =
V 2d
ε
[
1− 4 ε
2
ε2B
ln
lB
d
]
. (C1)
We will see in a moment, that this formula works for any
diagonal element of the matrix Gab.
Eq. (C1) is valid in the limit ln(l/d) ≫ 1. To reach
the better accuracy one would need to go beyond the
Dirac equation approximation and to find the electrons
wavefunctions on the hexagonal lattice in magnetic field.
Consequently, corrections of higher orders in small en-
ergy, ∼ ε3, are also neglected in Eq. (C1). (The same
holds for the accuracy of Eqs. (C2) and (C4) below.)
Suppose now that the atom b is placed at the origin
(zb = 0) and the atom a is not. Calculation of the ele-
ment of the matrix Gab now formally coincides with the
calculation of the upper component of the singular im-
purity state wavefunction Eq. (A6), which gives
Gab =
V 2d
ε
[
1− 4 ε
2
ε2B
ln
1
|zab|
]
e−|zab|
2/4. (C2)
Here zab = za−zb and |zab| = rab/l, where rab is the true
distance between the atoms a and b.
The value of the matrix element Gab, Eq. (C2), de-
pends only on the distance between two atoms, |zab|.
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Thus one is tempted to use this formula in case of ar-
bitrary positions of both atoms. However, for the equa-
tion (C2) to be valid it is also important that the vector
potential, A, also vanishes at the position of one of the
atoms a or b. The shift of the position of vanishing of
(the both components of) the vector potential is achieved
by the simple gauge transformation, adding a factor
exp
{
i
xayb − yaxb
2l2
}
(C3)
to the equation (C2). After taking into account this
phase the formula for the element of the matrix may be
written in a simple form
Gab =
V 2d
ε
[
1− 4 ε
2
ε2B
ln
1
|zab|
]
(C4)
× exp
{
−|za|
2 + |zb|2 − 2zaz∗b
4
}
,
where now the ”coordinates” za and zb are measured from
the point of vanishing of the vector potential, which is
chosen to be somewhere in the middle of the bunch of
impurities.
It is convenient to introduce the new variables φa,
φa = e
−|za|2/4fa, (C5)
and rewrite Eq. (25) in a form
(ε− εa)e|za|
2/2φa = (C6)
=
V 2d
ε
∑
b
[
1− 4 ε
2
ε2B
ln
1
|zab|
]
exp
{
z∗azb
2
}
φb.
In the large logarithm approximation since εa ≪ εB and
Vd ∼ εB, the left hand side of this equation should be
omitted, leading to
∑
b
exp
{
z∗azb
2
}
φb = 4
ε2
ε2B
∑
b
ln
1
|zab| exp
{
z∗azb
2
}
φb.
(C7)
This is the final equation, written in the most compact
form, which one needs to solve in order to find the ener-
gies and wave functions of the impurity induced localized
states. There is certain freedom in the choice of positions
of the origin, z = 0, which may be (but don’t necessary
have to) fixed by e.g. requiring vanishing of the average
distance
∑
a za = 0.
Equation (C7) is an eigenvalue problem of the form
Aφ = ε2Bφ, where A and B are two Hermitean matri-
ces. What makes this problem tractable is that in case
of all |za| ≪ 1, the matrix in the left hand side of the
equation, Aab = e
z∗azb/2, has eigenvalues of a very differ-
ent magnitude. Indeed, one may expand the exponent
ez
∗
azb/2 in a power series and found (for a bunch of im-
purities centered as
∑
za = 0) the three first largest
eigenvalue N , 12
∑ |za|2, and 18 [∑ |za|4 − 1N |∑ z2a|2 −
|∑ za|za|2|2/(∑ |za|2)]. Each next eigenvalue (having
more and more complicated explicit form) will contain
higher powers of small |za|2.
We will show now that this property of the matrix
ez
∗
azb/2 leads to a hierarchical structure of the eigenvalues
of Eq. (25)
|ε(1)| ≫ |ε(2)| ≫ |ε(3)| · · · . (C8)
We use superscript indices to enumerate the energies, ε(i),
to avoid confusion with the Landau level and impurity
atom energies, εn, εa. As always, in the particle-hole
symmetric limit, εa → 0, the eigenvalues appear in ±
pairs, as is obvious from the Eq. (C7).
To investigate the properties of the solutions of
Eq. (C7) let us consider the series of several consecutive
approximations to this equation.
First iteration. At first step we neglect completely all
the small arguments in the exponent ez
∗
azb/2 both in the
left and right hand sides of Eq. (C7), leading to
∑
b
φb = 4
ε2
ε2B
∑
b
ln
1
|zab|φb. (C9)
Remarkably, this equation has N − 1 exact zero energy
solutions, φ
(i)
a , satisfying a single constraint∑
b
φ
(i)
b = 0, ε
(i) ≡ 0. (C10)
The last and only nontrivial solution in the limit of all
large logarithms has the energy
ε ≈ ± εB
2
√
ln(1/〈|zab|〉)
, (C11)
where 〈|zab|〉 is some average distance between impuri-
ties. Corresponding eigenfunction has a simple form,
φa ≈ 1/
√
N, (C12)
only if not only all the logarithms in the right hand side of
Eq. (C9) are large, but also if there are only two different
large logarithms, L1 = ln(a/d) (in case a = b) and L2 =
ln(1/|zab|) (in case a 6= b). This means that the distance
between any two impurities in the bunch is of the same
(close) order of magnitude.
Each amplitude φa via Eqs. (C5) and (24) generates a
contribution of the form Eq. (14) to the electrons wave
function in graphene, centered at the impurity a. Even
though Eqs. (C11) and (C12) have a rather poor (at best
∼ 1/ log) accuracy, they are enough to make strong con-
clusions about the wave function of the largest energy
impurity state. The upper component of the wave func-
tion consists of the sum of many m = 0 functions with
slightly offset centers and slightly different phases (like
in Eq. (C3)), which however due to |za| ≪ 1 form an
almost unperturbed joint m = 0 state. The lower com-
ponent consists of many singular∼ 1/z states [4] centered
at individual adatoms in the lower component. Exactly
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as it was in the case of single adatom, due to the orthog-
onality of ’+’ and ’−’ states, Eq. (C11), both of them
should have equal probability to find electron in upper
and lower component. Outside the compact bunch of
impurities the electron wave function for the highest en-
ergy impurity state has the form (compare to Eq. (14))
Ψm=0 =


eiKr
e−zz
∗/4
2
√
pi
±(αe
iKr
z
+ β
eiK
′
r
z∗
)
e−zz
∗/4
2
√
piL

 . (C13)
Here α and β are two complex numbers, |α|2 + |β|2 = 1,
and we remind that K′ = −K. Also the large logarithm
here is L = ln(1/〈|zab|〉) ≫ 1, where 〈|zab|〉 ≪ 1 is the
typical distance between impurities.
Even more interesting are the other N − 1 low energy
states described by Eq. (C10). The constraint
∑
b φ
(i)
b =
0 means that the amplitude of n = 0,m = 0 state in their
upper component (almost) vanish. Thus these states are
the superpositions of other thanm = 0 states in the upper
component (i.e. m = 1, 2, · · · , N − 1).
Second iteration. Our next step will be to expand the
exponent ez
∗
azb/2 in the left hand side of Eq. (C7) to the
first order in a small argument z∗azb/2, leading to
∑
b
φb +
z∗a
2
∑
b
zbφb = 4
ε2
ε2B
∑
b
ln
1
|zab|φb. (C14)
Keeping the same, ∼ z∗azb, terms in the right hand side
of Eq. (C7) would not add any new qualitative features
to the solution.
Instead of Eq. (C10) now any vector φ
(i)
a , satisfying
two simple constraints would be an exact zero energy
solution of the system of equations (C14)∑
b
φ
(i)
b = 0,
∑
b
zbφ
(i)
b = 0, ε
(i) ≡ 0. (C15)
Thus there are N − 2 exact zero energy solutions.
Among the remaining two nontrivial solutions one,
with the larger energy, was described by Eqs. (C11,C12).
Second solution for a center of the bunch chosen to satisfy∑
za = 0 has the form
φa ∼ z∗a , ε ≈ ±εB
√ ∑ |zb|2
8(L1 − L2) , (C16)
where L1 and L2 are two large logarithms defined below
Eq. (C12).
One may continue expanding the matrix exponent
ez
∗
azb/2 in the left hand side of Eq. (C7) to higher orders
in the small argument, to find the finite values of smaller
and smaller eigenvalues. The resulting estimate of the
energy values is given by Eq. (26). The wave function for
the m-th state outside the small bunch of impurities is
given by Eq. (27). As we told, the in-plane wave function
for many impurities is build as a sum of single-impurity
solutions Eq. (14), centered at individual impurities and
with a gauge factor accounting for the center displace-
ment. Since for m > 0 these single-impurity contribu-
tions strongly cancel each other, there is no ∼ eiKr/z
contribution in the lower component of Eq. (14). Contri-
butions ∼ eiK′r/z∗ in the lower component of the pseu-
dospinor come with the phase which is not synchronized
with the phase of the the upper component and thus are
not suppressed. The upper components of different im-
purity states each acquire an (almost) well defined and
different value of the angular momentum m.
Appendix D: Exchange interaction in case of many
adatoms
Since the lower component of all states Eq. (27) is sim-
ilar, but their upper components have different angular
behavior, it follows from Eq. (18) that these states may
interact via exchange only with themselves. Calculation
of the exchange energy essentially repeats that performed
in Eqs. (B6, B7). In the final result Eq. (B7) one simply
need to replace ΨS1 by φ0m/
√
2,
ε
(m)
S = ∓
1
2
∫
e2
r
|φ0m|2d2r = ± (2m)!
(m!)222m
√
pi
2
e2
2l
. (D1)
This formula includes Eq. (B7) as the m = 0 case.
The exchange energy for the electrons outside the un-
polarized droplet is given by the modified Eq. (B1)
εM = ∓
∞∑
m=N
∫
e2
2|r− r′|φ
∗
0,M (r)φ0,m(r) (D2)
×φ∗0,m(r′)φ0,M (r′)drdr′,
where the summation over m excludes the electrons from
the n = 0 Landau level from inside the large droplet,
N ≫ 1. This exclusion of states with m < N leads to
the projection operator
ρN (r, r
′) =
∞∑
m=N
φ0,m(r)φ
∗
0,m(r
′) =
=
∞∑
m=N
(z∗z′/2)m
2pim!
e−|z|
2/4−|z′|2/4. (D3)
Since the function |φ0,m(r)| has a very pronounced max-
imum at r ≈ √2m, the modified projection operator
Eq. (D3) coincides with Eq. (B2) in case of both argu-
ments larger than the droplet size, r, r′ >
√
2N , and
vanishes fast if one argument falls inside the droplet.
The simple calculation helps to quantify this observa-
tion. Consider a complex variable v with Re v > 0. For
N ≫ 1 one finds
e−v
∞∑
m=N
vm
m!
≈
∞∑
m=N
e−(v−m)
2/2m
√
2mpi
≈ 1
2
erfc
(
N − v
2
√
N
)
,
(D4)
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where a complimentary error function erfc(z) =
(2/
√
pi)
∫∞
z e
−t2dt. Combining this with Eq. (B2) gives
ρN (r, r
′) =
1
2pi
exp
{
−|z − z
′|2
4
+ iIm
z∗z′
2
}
×
× 1
2
erfc
(
2N − z∗z′
4
√
N
)
. (D5)
The first exponential factor here shows that the exchange
interaction is effective only at distances of the order of
Larmor radius, |r− r′| ∼ 1. The second factor, the error
function, guaranties vanishing of the interaction inside
the droplet, at |r| <
√
2N .
After calculating the sum over m in Eq. (D2) one still
needs to perform the integration over two coordinates
r, r′. We don’t see an easy way to perform these integra-
tions in a compact form. However, the resulting behavior
of the energy εM is clear. For large angular momentum
electron stays at the circle larger than the droplet radius
and has the same energy as the electrons at the n = 0
Landau level have in clean graphene without impurities,
Eq. (20). Exactly at the border of the droplet the ex-
change dominated Zeeman splitting drops by half
εM≫N = ∓e
2
2l
√
pi
2
, εM=N =
1
2
εM≫N . (D6)
For M slightly bigger than N the Zeeman splitting in-
creases continuously between the two values, reaching the
asymptotic value at M −N ≫
√
N .
